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Call a space X (weakly) Japanese at a point x ∈ X if X has a closure-preserving local base (or
quasi-base respectively) at the point x. The space X is (weakly) Japanese if it is (weakly)
Japanese at every x ∈ X . We prove, in particular, that any generalized ordered space is
Japanese and that the property of being (weakly) Japanese is preserved by σ -products;
besides, a dyadic compact space is weakly Japanese if and only if it is metrizable. It turns
out that every scattered Corson compact space is Japanese while there exist even Eberlein
compact spaces which are not weakly Japanese. We show that a continuous image of
a compact ﬁrst countable space can fail to be weakly Japanese so the (weak) Japanese
property is not preserved by perfect maps. Another interesting property of Japanese spaces
is their tightness-monolithity, i.e., in every weakly Japanese space X we have t(A) |A|
for any set A ⊂ X .
© 2009 Elsevier B.V. All rights reserved.
0. Introduction
Recall that a family A of subsets of a space X is called closure-preserving if we have the equality ⋃A′ =⋃{A: A ∈ A′}
for any A′ ⊂ A. Closure-preserving families arise naturally when paracompactness-like properties are under consideration.
Spaces with a σ -closure-preserving base are called M1-spaces and it is a famous open problem whether every stratiﬁable
space is M1. It is known that every M1-space has a closure-preserving local base at every point [20]; however, it is an open
question whether each stratiﬁable space also has this property.
To emphasize the contribution of the Japanese school in the study of the above mentioned classes we say that a space X
is Japanese at a point x ∈ X if it has a closure-preserving local base at the point x. The space X is Japanese if it is Japanese
at every point x ∈ X . The fact that every ﬁrst countable space is Japanese together with an outstanding progress in the study
of stratiﬁable spaces show that it is time to study Japanese spaces systematically.
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things, that every GO space is Japanese and if a space X is weakly Japanese then it is tightness-monolithic, i.e., t(A) |A|
for any A ⊂ X . It turns out that every σ -product of (weakly) Japanese spaces is (weakly) Japanese while even a countable
product of compact Japanese spaces can fail to be weakly Japanese. We also establish that any Corson compact scattered
space is Japanese while there exist Eberlein compact spaces which are not Japanese. Finally, we construct under the Jensen’s
Axiom ♦, an example of a hereditarily separable compact space which has neither non-trivial convergent sequences nor
weakly Japanese points.
1. Notation and terminology
All spaces under consideration are assumed to be Tychonoff. If X is a space then τ (X) is its topology and τ ∗(X) =
τ (X)\{∅}. For any set A ⊂ X we will need the family τ (A, X) = {U ∈ τ (X): A ⊂ U }; we will write τ (x, X) instead of
τ ({x}, X). Given any family A of subsets of X let A|Y = {A ∩ Y : A ∈ A}. If Y is a set then Fin(Y ) is the family of all ﬁnite
subsets of Y .
A family B ⊂ τ ∗(X) is a π -base of X (at a point x ∈ X ) if, for every U ∈ τ ∗(X) (U ∈ τ (x, X) respectively) there is B ∈ B
such that B ⊂ U . The cardinal πw(X) (called the π -weight of X ) is the minimal cardinality of a π -base of the space X . The
minimal cardinality of a π -base at a point x ∈ X is denoted by πχ(x, X) and πχ(X) = sup{πχ(x, X): x ∈ X}. The space D
is the doubleton {0,1} with the discrete topology. Say that X is a GO space if X embeds in a linearly ordered space. If x ∈ X
and κ is an inﬁnite cardinal then the expression t(x, X)  κ says that for any A ⊂ X with x ∈ A there exists a set B ⊂ A
such that |B|  κ and x ∈ B; besides, t(X)  κ if t(x, X)  κ for any x ∈ X . The spaces X with t(X)  κ are said to have
tightness  κ .
A family A of subsets of a space X is closure-preserving if we have the equality ⋃A′ =⋃{A: A ∈ A′} for any A′ ⊂ A. It
is said that X is an M1-space if X has a σ -closure-preserving base. A family F of closed subsets of X is a quasi-base of X
if, for any x ∈ X and U ∈ τ (x, X) there is F ∈ F such that x ∈ Int(F ) ⊂ F ⊂ U . The spaces which have a σ -closure-preserving
quasi-base are called stratiﬁable.
The rest of our notation is standard and can be found in [12].
2. Japanese spaces: General facts and constructions
We will prove some general facts about Japanese spaces. While quite impressive results have been obtained about this
property in the context of generalized metric spaces, little or nothing has been done in the general case.
2.1. Deﬁnition. Say that a point x of a space X is Japanese (or X is Japanese at the point x) if X has a closure-preserving
local base at the point x. The space X will be called Japanese if it is Japanese at every x ∈ X .
2.2. Deﬁnition. Say that a family F of closed neighbourhoods of a point x in a space X is a quasi-base of X at x if for every
U ∈ τ (x, X) there exists B ∈ F such that x ∈ Int B ⊂ B ⊂ U . The space X is weakly Japanese at the point x (or the point x is
weakly Japanese in X ) if X has a closure-preserving quasi-base at the point x. Say that X is weakly Japanese if it is weakly
Japanese at every point x ∈ X .
We will ﬁrst establish some simple properties of (weakly) Japanese spaces. Only short hints are given for the proofs of
results from 2.3 to 2.9 because they are well known and implicitly stated in many papers on stratiﬁable spaces.
2.3. Proposition.
(a) If a space X is Japanese at a point x ∈ X then X is weakly Japanese at x. In particular, any Japanese space is weakly Japanese.
(b) If X has a clopen closure-preserving local base at any point then X is hereditarily Japanese. In particular, any extremally discon-
nected Japanese space is hereditarily Japanese.
Proof. (a) If x ∈ X and Bx is a closure-preserving base at the point x then the family Fx = {B: B ∈ B} is a closure-preserving
quasi-base of X at the point x so X is weakly Japanese at x.
(b) Assume that Ux is a clopen local base at the point x for any x ∈ X . Then, for every Y ⊂ X , the family {U ∩ Y : U ∈ Uy}
is a closure-preserving base of Y at y for each y ∈ Y so Y is Japanese. Finally assume that X is extremally disconnected
and Japanese; take an arbitrary point x ∈ X and ﬁx any Japanese local base U at x. It is clear that {U : U ∈ U} is a clopen
Japanese local base at x so X is hereditarily Japanese. 
2.4. Proposition. Suppose that X is a space and a point x ∈ X has a local base (quasi-base) which is well-ordered by the reverse
inclusion. Then X is (weakly) Japanese at the point x.
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If B′ ⊂ B then take the minimal element U of B′ with respect to the above mentioned order. Then ⋃B′ = U and hence
⋃B′ = U =⋃{B: B ∈ B′}. 
2.5. Corollary. If χ(x, X)ω then X is Japanese at the point x. In particular, any ﬁrst countable space is Japanese.
If U ⊂ τ (X) is a closure-preserving family in X and D is dense in X then it is easy to see that the family U |D is a
closure-preserving family in D . If, on the other hand, F is a closure-preserving family of closed subsets of X then F |Y is
closure-preserving in Y for any Y ⊂ X . The following statement can be easily deduced from the above observations.
2.6. Proposition.
(a) If X is a Japanese space and a set D is dense in X then D is also Japanese.
(b) If X is a weakly Japanese space and Y ⊂ X then Y is weakly Japanese.
A continuous map f : X → Y which is open and closed at the same time is easily seen to take a closure-preserving local
base (quasi-base) at any point x ∈ X onto a closure-preserving local base (or quasi-base respectively) at f (x). This implies
the following proposition.
2.7. Proposition. If X is a (weakly) Japanese space and f : X → Y is a continuous onto map which is closed and open at the same
time then Y is also (weakly) Japanese.
2.8. Corollary. If X is a (weakly) Japanese compact space and f : X → Y is a surjective continuous open map then Y is also (weakly)
Japanese.
2.9. Proposition. Every space with a ﬁnite number of non-isolated points is Japanese.
2.10. Observation. Any M1-space is Japanese and any stratiﬁable space is weakly Japanese (see [20,6,14,19]). It is a famous
open problem (usually called the M1 = M3 question, see [6,14–16,19]) whether every stratiﬁable space is M1. To give a
positive answer to M1 = M3, it is suﬃcient to show that every stratiﬁable space is Japanese (see [18]). Therefore if the
M1 = M3 problem has a negative solution then there exists an example of a weakly Japanese non-Japanese space.
The following theorem shows that the class of Japanese spaces is much wider than the class of M1-spaces.
2.11. Theorem. Every GO space is Japanese.
Proof. If X is a GO space then there exists a linearly ordered space K such that X embeds in K as a dense subspace. Now,
Proposition 2.6 shows that it suﬃces to establish that K is Japanese; let < be an order that generates the topology of K and
ﬁx a point x ∈ K . Consider the sets Lx = {y ∈ K : y < x} and Rx = {y ∈ K : x< y}; we have four cases: x ∈ Lx ∩ Rx , x ∈ Lx\Rx ,
x ∈ Rx\Lx and x /∈ Lx ∪ Rx . In the last case the point x is isolated so it is clearly Japanese.
We will show that x is Japanese in the ﬁrst case; in the remaining ones the proof is easier. Let ≺ be the inverse order
on Rx (i.e., x ≺ y ⇔ y < x) and choose a well-ordered coﬁnal subset D of (Lx,<) and a well-ordered coﬁnal subset E of the
space (Rx,≺). The family {(a,b): a ∈ D and b ∈ E} is easily seen to be a local closure-preserving base at x. 
It is well known (and easy to prove) that if A is a closure-preserving family in a space X and B is closure-preserving in
Y then the family {A × B: A ∈ A and B ∈ B} is closure-preserving in the space X × Y . This easily implies that if X0, . . . , Xn
are (weakly) Japanese spaces then the product X = X0 × · · · × Xn is also a (weakly) Japanese space. However, we will prove
a much stronger result.
2.12. Theorem. Assume that at is a (weakly) Japanese point of a space Xt for any t ∈ T . Let X =∏t∈T Xt and consider the point a ∈ X
such that a(t) = at for any t ∈ T . Then the σ -product S(a) = {x ∈ X: |{t ∈ T : x(t) = a(t)}| <ω} centered at a is (weakly) Japanese at
the point a. Moreover, if every Xt has a clopen closure-preserving base at the point xt then S(a) also has a clopen closure-preserving
base at the point a.
Proof. Fix a Japanese base (or quasi-base respectively) Bt of the space Xt at the point at for every t ∈ T . Given any
distinct t1, . . . , tn ∈ T and O i ∈ Bti for every i  n let [t1, . . . , tn; O 1, . . . , On] = {x ∈ S(a): x(ti) ∈ O i for each i  n}. If
U = [t1, . . . , tn; O 1, . . . , On] for some distinct t1, . . . , tn ∈ T and O i ∈ Bti for all i  n then let supp(U ) = {t1, . . . , tn}; we will
call U a standard set. It is clear that the family B of all standard sets is a local base (quasi-base) of the space S = S(a) at
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let supp(x) = {t ∈ T : x(t) = at}.
To see that B is closure-preserving assume the contrary and ﬁx a point x ∈ S for which there exists a family B′ ⊂ B
which witnesses that B is not closure-preserving at the point x. Observe ﬁrst that if U = [t1, . . . , tn; O 1, . . . , On] ∈ B′ and
x(ti) ∈ O i for all i  n such that ti ∈ supp(x) then x ∈ U .
However, x /∈ U for any set U ∈ B′ . As an immediate consequence, for any U = [t1, . . . , tn; O 1, . . . , On] ∈ B′ there exists
t ∈ supp(x) such that t = ti for some i  n and x(ti) /∈ O i ; we will say that U is marked by t . This splits B′ into ﬁnitely
many subfamilies whose elements are marked by an index t ∈ supp(x). Since supp(x) is ﬁnite, the union of one of them has
to contain x in its closure so we can assume, without loss of generality, that all elements of B′ are marked with the same
index s ∈ supp(x).
Therefore we can assume (again without loss generality) that, for every U ∈ B′ we have U = [s, t1, . . . , tn;OU ,O 11, . . . ,OUn ].
Our choice of the index s shows that x(s) /∈⋃{OU : U ∈ B′} so we can ﬁnd a set W ∈ τ (x(s), Xs) such that W ∩ OU = ∅ for
any U ∈ B′ . This implies that x ∈ [s,W ] ⊂ X\U for any U ∈ B′ and hence x /∈⋃B′ which is a contradiction. 
2.13. Corollary. Any σ -product of (weakly) Japanese spaces is (weakly) Japanese. In particular, every σ -product of ﬁrst countable
spaces is Japanese.
2.14. Corollary. For any cardinal κ the space Rκ has a dense Japanese subspace.
2.15. Theorem. Suppose that x is a weak Japanese point of a space X. Then X is discretely determined at x in the sense that for any
A ⊂ X with x ∈ A there is a discrete subset D ⊂ A such that x ∈ D.
Proof. Fix a closure-preserving family F of closed subsets of X which witnesses the weak Japanese property of x in X . For
any F ∈ F let O F be the interior of F . Take a set F0 ∈ F and an arbitrary point x0 ∈ O F0 ∩ A. Proceeding by transﬁnite
induction assume that α is an ordinal and we have a set {xβ : β < α} ⊂ A and a family {Fβ : β < α} ⊂ F such that
(1) xβ ∈ O Fβ for every β < α;
(2) Fβ ∩ {xγ : γ < β} = ∅ for any β < α.
For any β  α let Dβ = {xγ : γ < β}. We will show that the set Dα is discrete. Indeed, ﬁx a point xβ ∈ Dα ; the proper-
ties (1) and (2) show that xβ is not in the closure of the set Dβ . Besides, xβ /∈ F =⋃{Fγ : β < γ < α} and Dα\Dβ+1 ⊂ F ;
the set F is closed because the family F is closure-preserving so xβ /∈ Dα\Dβ+1 and hence xβ is an isolated point
of Dα .
If x ∈ Dα then we are done; if not, then choose an element Fα ∈ F such that Fα ∩ Dα = ∅ and pick a point xα ∈ A∩ O Fα .
It is easy to see now that the properties (1) and (2) hold for any β  α and hence our inductive procedure can be continued.
Since we cannot have |F |+-many steps in our construction, it is bound to end for some α and hence D = Dα ⊂ A is a
discrete set with x ∈ D . 
2.16. Example. It is possible to add a single point a to Q in such a way that the space {a} ∪Q is not Japanese.
Proof. There exists a point a ∈ βQ\Q which is remote for Q and, in particular, no discrete subspace of Q contains a in its
closure (see [8, Theorem 1.5]). Applying Theorem 2.15 we conclude that a is the promised point. 
2.17. Theorem. Suppose that a space X is weakly Japanese at some x ∈ X and κ is an inﬁnite cardinal such that c(U )  κ for some
open neighbourhood U of the point x. Then t(x, X) κ .
Proof. Fix any set A ⊂ X\{x} with x ∈ A and take a closure-preserving quasi-base B at the point x. There is no loss of
generality to assume that A ⊂ U and ⋃B ⊂ U . Consider, for any y ∈ X\{x}, the set Wy = X\⋃{F : F ∈ B and y /∈ F }; the
family B being closure-preserving, the set Wy is an open neighbourhood of y. The following crucial property of the sets
Wy can be easily deduced from the deﬁnitions.
(3) If Q ⊂ X\{x} then x ∈ Q if and only if x ∈⋃{Wy: y ∈ Q }.
Let Gy = Wy ∩ U for any point y ∈ A; it follows from c(U ) κ that we can choose a set B ⊂ A such that |B| κ and
G =⋃{Gy: y ∈ B} is dense in H =⋃{Gy: y ∈ A}. Furthermore, x ∈ A ⊂ H = G; this implies that x ∈⋃{Wy: y ∈ B} and
hence we can apply (3) to see that y ∈ B . 
2.18. Corollary. If a space X is weakly Japanese then t(X) c(X).
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2.20. Theorem. Suppose that X is a separable space with the Baire property and X is weakly Japanese at some x ∈ X. Then X has
countable π -character at the point x.
Proof. There is no loss of generality to assume that x is not isolated in X . Let D = {dn: n ∈ ω} ⊂ X\{x} be a dense subset
of X and ﬁx a closure-preserving quasi-base B at the point x. For any y ∈ X\{x} the set Wy = X\⋃{F : F ∈ B and y /∈ F }
is an open neighbourhood of y. Let Pn = {y ∈ X\{x}: dn ∈ Wy}; it is immediate that Pn =⋂{F : F ∈ B and dn ∈ F }\{x} for
any n ∈ ω. The family U = {Int(Pn): Int(Pn) = ∅} is countable and consists of non-empty open subsets of the space X so it
suﬃces to show that U is a π -base at the point x.
Observe ﬁrst that every Pn is closed in the space X\{x}: this easily follows from the fact that if y, z ∈ X\{x} and z ∈ Wy
then Wz ⊂ Wy . Now, take an arbitrary set U ∈ τ (x, X) and ﬁx F ∈ B such that F ⊂ U . It is easy to check that dn ∈ Pn ⊂ F
whenever dn ∈ F . The set V = Int(F )\{x} is non-empty and has the Baire property; if y ∈ V then D ∩ Wy = ∅ and hence
dn ∈ Wy , i.e., y ∈ Pn for some n ∈ ω.
This shows that V ⊂⋃{Pn: dn ∈ F } so it follows from the Baire property of V that there is dn ∈ F for which G =
Int(Pn) = ∅. This implies that G ∈ U and G ⊂ Pn ⊂ F ⊂ U so U is a countable π -base at the point x. 
2.21. Corollary. Any separable weakly Japanese space with the Baire property (in particular, any separable weakly Japanese pseudo-
compact space) has a countable π -base.
2.22. Corollary. If G is a separable Japanese group with the Baire property then G is metrizable.
Proof. This is because we have the equality w(G) = πw(G) for any topological group G (see [3, Proposition 1.1]). 
2.23. Examples.
(1) The Baire property cannot be omitted in the hypothesis of Theorem 2.20. This follows, e.g., from the fact that there
exists a countable stratiﬁable space of uncountable π -weight (see [7]). We will mention two more examples with the
same property which seem to be interesting in themselves.
(2) Let G be the free Abelian topological group of the convergent sequence ω + 1. Then G is a countable space which is
not metrizable and hence it does not have countable π -character at any of its points. However, it is stratiﬁable by [23]
and hence M1 by [15] so it follows from [20] that G is Japanese.
(3) Consider the Franklin’s space Sω of all ﬁnite sequences of elements of ω. Say that s ∈ Sω is an immediate successor of
t ∈ Sω if dom(s) = dom(t) + 1 and s(n) = t(n) for any n ∈ dom(t). A set U ⊂ Sω is open in Sω if, for any s ∈ U almost
all (≡ all except ﬁnitely many) immediate successors of s belong to U . For any s ∈ Sω let Is be the set of all immediate
successors of s; say that a set V ∈ Sω is s-adequate if V = Is\A for some ﬁnite A ⊂ Is . For any point t ∈ Sω with
dom(t) = n a set V ⊂ Sω is t-standard if V =⋃{Vi: n i <ω} where Vn = {t} and Vi+1 =⋃{Ws: s ∈ Vi and Ws is an
s-adequate set} for every i  n. It is immediate that t-standard sets form a local base Bt of Sω at t . It is straightforward
that Bt is closure-preserving for any t ∈ Sω so Sω is Japanese. We also omit an easy proof that πw(Sω) > ω.
Recall that a set Y is Gδ-dense in a space X if Y meets every non-empty Gδ-subset of X .
2.24. Theorem. Suppose that a set T is uncountable and Mt is a space with |Mt |  2 for any t ∈ T . Then no Gδ-dense subspace of
M =∏t∈T Mt has a weakly Japanese point.
Proof. Assume that, on the contrary, there exists a Gδ-dense set X in the space M such that some point a ∈ X is
weakly Japanese in X . For each t ∈ T it is easy to choose a base Bt ⊂ τ ∗(Mt) in the space Mt such that B = Mt for
any B ∈ Bt .
Given distinct t1, . . . , tn ∈ T and a set O i ∈ Bti for each i  n it is evident that the set [t1, . . . , tn; O 1, . . . , On] ={x ∈ X: x(ti) ∈ O i for every i  n} is open in X . We will say that a set U ⊂ X is standard if U = [t1, . . . , tn; O 1, . . . , On]
for some number n ∈ N, distinct elements t1, . . . , tn ∈ T and O i ∈ Bti for each i  n; let supp(U ) = {t1, . . . , tn}. Denote by S
the family of all standard open neighbourhoods of the point a.
Fix a weakly Japanese quasi-base F at the point a and take a set Ot ∈ Bt such that a(t) ∈ Ot for any t ∈ T . Since
S is a local base at a, for every t ∈ T we can ﬁnd a set Ft ∈ F and a standard set Wt such that t ∈ supp(Wt) and
a ∈ Wt ⊂ Ft ⊂ [t, Ot].
Apply the -lemma to ﬁnd a ﬁnite set D ⊂ T and an uncountable set S ⊂ T such that supp(Wt) ∩ supp(Ws) = D for
distinct s, t ∈ S . If D = {d1, . . . ,dm} is a faithful enumeration of D (it is possible that m = 0, i.e., D = ∅) then we can
make the set S smaller if necessary to assume, without loss of generality, that S does not meet the set D and there exists
k ∈ ω such that, for every t ∈ S , we have the equality Wt = [d1, . . . ,dm, zt1, . . . , ztk; Ht1, . . . , Htm, V t1, . . . , V tk] for some sets
Ht , . . . , Htm, V
t , . . . , V t such that Ht ∈ Bd for all i m and V t ∈ Bt for every i  k.1 1 k i i i
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that the set E =⋃t∈Q [t, Ot] does not contain the set G . Indeed, it follows from Gδ-density of X in M that there exists a
point x ∈ X such that for every i m we have x(di) ∈ Hti and x(t) ∈ Mt\Ot for all t ∈ Q . It is immediate that x ∈ G\E .
However, the point x belongs to the closure of the set W =⋃{Wt : t ∈ Q }. Indeed, take any V ∈ τ (x, X). There exists a
ﬁnite K ⊂ T\D such that x ∈ B ⊂ V for some standard set B with supp(B) = D ∪ K . The family {{zt1, . . . , ztk}: t ∈ Q } being
disjoint we can ﬁnd an index t ∈ Q for which {zt1, . . . , ztk} ∩ K = ∅. Now it follows that Wt ∩ B = ∅ and hence Wt ∩ V = ∅.
Thus the point x belongs to the closure of the set F =⋃{Ft : t ∈ Q } which, together with x ∈ X\E ⊂ X\F shows that the
family {Ft : t ∈ Q } witnesses that F is not closure-preserving, a contradiction. 
2.25. Corollary. The Σ-product S = {x ∈ Rκ : x−1(R\{0}) is countable} is a Fréchet–Urysohn space without weak Japanese points for
any cardinal κ > ω.
3. Compact Japanese spaces
Compact Japanese spaces generalize compact ﬁrst countable spaces and compact linearly ordered spaces at the same
time so they constitute a class which is interesting in itself.
For any space X let I(X) be the set of isolated points of X . If X is scattered then let X0 = X ; proceeding inductively
assume that β is an ordinal and we constructed Xα for all α < β . If β = α + 1 for some α then let Xβ = Xα\I(Xα). If β is
a limit ordinal then let Xβ =⋂{Xα: α < β}. The ﬁrst ordinal β such that Xβ = ∅ is called the dispersion index of X and is
denoted by i(X).
3.1. Theorem. If X is a compact scattered space and i(X) 3 then X is Japanese.
Proof. If i(X) = 1 then X is a ﬁnite space so it is Japanese. If i(X) = 2 then the space X has only a ﬁnite number of non-
isolated points so it is Japanese by Proposition 2.9. Now assume that i(X) = 3 and hence X2 is a ﬁnite set, say {a0, . . . ,an}.
It is easy to ﬁnd disjoint clopen sets U0, . . . ,Un in the space X such that ai ∈ Ui for any i  n and X = U0 ∪ · · · ∪ Un . It is
immediate that it suﬃces to show that every Ui is Japanese at the point ai so we can assume, without loss of generality,
that X2 = {a} for some a ∈ X and we only must prove that X is Japanese at the point a.
Observe that K = X\I(X) is a compact space with a unique non-isolated point a; let L = K\{a} and ﬁx a clopen neigh-
bourhood Ox of the point x such that Ox ∩ K = {x} for every x ∈ L. Say that a compact subset F of X\{a} is marked if there
are ﬁnite sets P ⊂ L and Q ⊂ I(X) such that F =⋃{Ox: x ∈ P } ∪ Q . It is easy to see that for every compact E ⊂ X\{a}
there exists a marked set F such that E ⊂ F . Therefore the family B = {X\F : F is a marked set} is a local base at the
point a.
To see that the family B is closure-preserving, ﬁx any point x ∈ L and assume that x ∈⋃B′\⋃B′ for some B′ ⊂ B. There
exists B ∈ B such that B ∩ Ox = ∅; take ﬁnite sets P ⊂ L and Q ⊂ I(X) such that B = X\F and F = Q ∪⋃{O y: y ∈ P }. If
x ∈ P then B ∩ Ox = ∅ which is a contradiction; therefore x /∈ P and hence x ∈ B . This ﬁnal contradiction shows that the
family B is closure-preserving and hence X is Japanese at the point x. 
Given an almost disjoint family M on ω, for every M ∈ M choose a point ξM /∈ ω in such a way that M = M ′ im-
plies ξM = ξM′ and consider the set N(M) = ω ∪ {ξM : M ∈ M}. All points of ω are isolated in N(M) and the family
{{ξM} ∪ (M\A): A is a ﬁnite subset of M} is the local base at ξM for every M ∈ M. The space N(M) is locally compact and
ﬁrst countable; the Mrowka space S(M) is the one-point compactiﬁcation of the space N(M). It is easy to see that S(M)
is a scattered compact space with i(S(M)) = 3 so we have the following corollary.
3.2. Corollary. The Mrowka space S(M) is Japanese for any almost disjoint family M on ω.
3.3. Proposition. Neither of the spaces βω and βω\ω is weakly Japanese.
Proof. By Proposition 2.6 it suﬃces to prove that βω\ω is not weakly Japanese. Observe that van Douwen’s countable
maximal space E (see [10, Example 3.3]) embeds in βω\ω. Indeed, the space E is extremally disconnected and hence so is
βE by [12, Theorem 6.2.27]; this, together with w(βE) c implies that βE embeds in βω (see [21, Theorem 1.4.7]). Since
βE has no isolated points, it actually embeds in βω\ω.
The space E is dense-in-itself and every discrete subset D ⊂ E is closed in E . For any x ∈ E we have x ∈ E\{x}; since no
discrete subset of E\{x} can contain x in its closure, it follows from Theorem 2.15 that no point of E is weakly Japanese in
βω\ω. 
3.4. Observation. Every point of ω is isolated and hence Japanese in βω so not all points of the space βω fail to be Japanese.
Besides, if we assume CH then w(βω\ω) = ω1 and there exists a P -point x in the space βω\ω. It is easy to construct by
transﬁnite induction a local base B = {Uα: α <ω1} of βω\ω at x such that α < β implies Uβ ⊂ Uα and hence the reverse
inclusion well-orders the family B. Applying Proposition 2.4 we conclude that x is a Japanese point of βω\ω.
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Proof. Follows from Proposition 3.3 because βω embeds in X . 
3.6. Corollary. Under PFA+ c = ω2 , any separable weakly Japanese compact space is sequential.
Proof. By [5, Theorem 2.2], under PFA+ c = ω2 every compact space of countable tightness is sequential. If X is a separable
weakly Japanese compact space then X has countable tightness by Corollary 2.19 so it must be sequential. 
3.7. Corollary. Under PFA+ c = ω2 , any inﬁnite weakly Japanese compact space has a non-trivial convergent sequence.
Proof. Take an arbitrary inﬁnite weakly Japanese compact space X . If X is scattered then it is easy to ﬁnd a non-trivial
convergent sequence in X (and the weak Japanese property is not needed for that). If X is not scattered then we can ﬁnd a
countable set A ⊂ X which has no isolated points in itself. The set Y = A is weakly Japanese by Proposition 2.6(b). It follows
from Corollary 3.6 that Y is sequential; since Y has no isolated points, it must have a non-trivial convergent sequence. 
3.8. Corollary. Under MA + ¬CH, any Japanese compact space with the Souslin property has countable π -weight.
Proof. Suppose that X is a Japanese compact space with c(X)  ω. It follows from MA + ¬CH that ω1 is a caliber of X .
Apply Corollary 2.18 to see that t(X)ω and hence X has a countable π -base by a Shapirovsky’s theorem [22]. 
3.9. Corollary. Any dyadic weakly Japanese compact space is metrizable.
Proof. If X is a dyadic weakly Japanese compact space then c(X) = ω and hence t(X) = ω by Corollary 2.18. Therefore X is
metrizable by [2, Theorem 3.1.1]. 
If X is a linearly ordered space then ψ(X) c(X) (see [2, Theorem 1.3.1]). However, this inequality does not hold even
for compact Japanese spaces.
3.10. Example. A separable scattered Japanese compact space is not necessarily Fréchet–Urysohn. Indeed, if M is a maximal
almost disjoint family on ω then the respective Mrowka space X = S(M) is not Fréchet–Urysohn (see [13]) while X is
Japanese by Corollary 3.2.
3.11. Example. Not every scattered compact space is Japanese. To see this, observe that there exists a compact space X =
D ∪ E in which D is a countable dense set of isolated points and E is homeomorphic to the ordinal t + 1 with its order
topology (see [9, Example 7.1]). Thus t(X) > ω so X cannot be Japanese by Corollary 2.19.
3.12. Corollary. Any scattered Corson compact space is hereditarily Japanese.
Proof. If X is a scattered Corson compact space then X is strong Eberlein by [1]. We can consider that X ⊂ σ(DA) =
{x ∈ DA: |x−1(1)| <ω} for some set A. By the second part of Theorem 2.12 the space σ(DA) has a clopen closure-preserving
base at any point so σ(DA) is hereditarily Japanese by Proposition 2.3. Therefore X ⊂ σ(DA) is hereditarily Japanese as
well. 
If X is an Eberlein compact space then for any point x ∈ X there exists a sequence {Un: n ∈ ω} of non-empty open
subsets of X which converges to x (see [4, Theorem IV.5.1]). It is easy to deduce from this fact that X has a closure-
preserving π -base at every x ∈ X so it is natural to conjecture that every Eberlein compact space is Japanese. We will see
that this is false so the condition of being scattered cannot be omitted in Corollary 3.12.
3.13. Theorem. If X is Eberlein compact then every closed subset of X has a σ -closure-preserving outer base.
Proof. Assume ﬁrst that X is a zero-dimensional Eberlein compact space and F is a closed subset of X . The space X\F is
σ -metacompact, i.e., every open cover of X\F has a σ -point-ﬁnite reﬁnement [24, Corollary 2]. For any x ∈ X\F choose a
set Ux ∈ τ (x, X) such that F ∩Ux = ∅. There exists a reﬁnement U of the cover {Ux: x ∈ X\F } such that U =⋃n∈ω Un while
Un ⊂ Un+1 and Un is point-ﬁnite for any n ∈ ω.
The cover U can be shrunk, i.e., we can ﬁnd, for any U ∈ U , a compact set KU ⊂ U such that {KU : U ∈ U} is still a cover
of X\F (see [17, Theorem 1.1]). Using normality of X it is easy to ﬁnd a clopen set GU such that KU ⊂ GU ⊂ U for any
U ∈ U . Given a compact K ⊂ X\F there is a ﬁnite V ⊂ U such that K ⊂⋃{GV : V ∈ V}. Consequently, the family W of all
ﬁnite intersections of the family {X\GU : U ∈ U} is an outer base for the set F .
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{X\GU : U ∈ Un}. It is evident that W =⋃n∈ω Wn so it suﬃces to show that each Wn is closure-preserving.
Take any point x ∈ X and a family W ′ ⊂ Wn such that x ∈⋃W ′\⋃W ′ . The family {GU : U ∈ Un} being point-ﬁnite, the
set H =⋂{GU : x ∈ GU } is open in X . If W ∈ W ′ and W =⋂{X\GUi : 1 i  n} then it follows from x /∈ W that x ∈ GUi for
some i  n and hence W ∩ H = ∅. Consequently, (⋃W ′)∩ H = ∅; this contradiction with x ∈⋃W ′ shows that every Wn is
closure-preserving so we proved that
(4) for every closed subset F of a zero-dimensional Eberlein compact space X there exist a σ -closure-preserving clopen
outer base of F in X .
Now if X is an arbitrary Eberlein compact space and F ⊂ X is a closed set then take a zero-dimensional Eberlein compact
space Y for which there exists a continuous onto map f : Y → X . The existence of such Y is a folklore and is easy to prove.
Passing to an appropriate closed subset of Y if necessary we can assume, without loss of generality, that the map f is
irreducible, i.e., f (E) = X for any proper closed set E ⊂ Y .
Apply (4) to ﬁnd a clopen outer base U of the set G = f −1(F ) in the space Y such that U =⋃n∈ω Un and every Un is
closure-preserving in X . For every U ∈ Un let H(U ) = X\ f (Y \U ); the map f being irreducible, the set H(U ) is dense in
f (U ) for any U ∈ Un .
The family { f (U ): U ∈ Un} is closure-preserving in X because the map f is closed. As a consequence, the family Vn =
{H(U ): U ∈ Un} is closure-preserving in X . It is an easy exercise that the family V = {H(U ): U ∈ U} is an outer base of F
in X ; since V =⋃n∈ω Vn , the family V is σ -closure-preserving. 
3.14. Corollary. Any Eberlein compact space X is σ -Japanese in the sense that every point of X has a σ -closure-preserving local base
in X.
3.15. Lemma. Recall that we denote by Fin(D) the family of all ﬁnite subsets of D. Assume that we are given a map ξ : Fin(ω1) →





n∈ω ξ(An) are disjoint.
Proof. It is easy to ﬁnd a sequence {Un: n ∈ ω} of disjoint families of ﬁnite subsets of ω1 such that the family ⋃n∈ω Un is
disjoint and, for any n ∈ ω we have |Un| = ω1 and |U | > n for each U ∈ Un .
Passing to a smaller family Un if necessary, we can assume, without loss of generality, that, for every n ∈ ω, the family
{ξ(U ): U ∈ Un} is a -system with a root Dn .
The set D =⋃n∈ω Dn being countable we can pass again to a smaller family Un to guarantee that (
⋃Un) ∩ D = ∅ for
any n ∈ ω. Take an arbitrary A0 ∈ U0 and assume, proceeding inductively, that n ∈ ω and we have chosen a set Ai ∈ Ui for
every i  n in such a way that the sets Bn = A0 ∪ · · · ∪ An and Sn = ξ(A0) ∪ · · · ∪ ξ(An) are disjoint.
The set Bn ∪ (Sn\D) ⊂ ω1\D is ﬁnite while both families {ξ(U )\D: U ∈ Un+1} and Un+1 are disjoint so we can ﬁnd
An+1 ∈ Un+1 such that the sets An+1 ∪ ξ(An+1) and Bn ∪ (Sn\D) are disjoint. This shows that our inductive procedure can
be continued to construct a family {An: n ∈ ω} such that the sets ⋃n∈ω An and
⋃
n∈ω ξ(An) are disjoint and An ∈ Un for
every n ∈ ω. This implies that |An| → ∞ so {An: n ∈ ω} is the promised family. 
3.16. Theorem. For any uncountable cardinal κ , the Eberlein compact space A(κ)ω is not weakly Japanese. Here A(κ) is the one-point
compactiﬁcation of a discrete space of cardinality κ .
Proof. Since A(ω1)ω embeds in A(κ)ω , it suﬃces to show that A(ω1)ω is not weakly Japanese (see Proposition 2.6). Let us
consider that A(ω1) = D ∪ {a} where a /∈ D is the unique non-isolated point of A(ω1).
Denote by p the point of K = A(ω1)ω all coordinates of which are equal to a; we will prove that K is not weakly
Japanese at p. Take an arbitrary local quasi-base B at the point p.
Given any ﬁnite E ⊂ D let n = |E| and consider the set O (E) = {x ∈ K : x(i) /∈ E for any i  n}. It is clear that every O (E)
is an open subset of K and, besides, the family {O (E): E ∈ Fin(D)} is a local base of K at p. As a consequence, for any
E ∈ Fin(D) there exist sets B(E) ∈ B and ξ(E) ∈ Fin(D) such that ξ(E) ∩ E = ∅ and O (E ∪ ξ(E)) ⊂ B(E) ⊂ O (E).
Apply Lemma 3.15 to ﬁnd a disjoint family {En: n ∈ ω} of ﬁnite subsets of D such that |En| → ∞ while the sets
E =⋃n∈ω En and S =
⋃
n∈ω ξ(En) are disjoint. We can consider that |En| > n for any n ∈ ω.
For each n ∈ ω pick a point zn ∈ En and deﬁne a point q ∈ K by q(n) = zn for any n ∈ ω. We will also need the point
qn ∈ K such that qn(i) = zi for all i  n and qn(i) = a whenever i > n. It is straightforward that qn → q. It follows from
q(n) = zn ∈ En that q /∈ O (En) and hence q /∈ B(En) for all n ∈ ω.
However, zi /∈ En ∪ ξ(En) for all i < n which shows that qn−1 ∈ O (En ∪ ξ(En)) and hence qn−1 ∈ B(En) for every n ∈ ω\{0}.
Therefore q ∈⋃n∈ω B(En) which shows that the family B is not closure-preserving. 
3.17. Corollary. The countable power of a Japanese compact space need not be weakly Japanese.
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Proof. Take the Alexandroff double D of the Cantor set C . Then D is a ﬁrst countable Eberlein compact space. Contract the
non-isolated points of D to one point and let f : D → E be the respective quotient map. It is clear that E is homeomorphic
to A(c). The space Dω is ﬁrst countable and the countable power of the function f maps Dω continuously onto A(c)ω
which is not weakly Japanese by Theorem 3.16. 
3.19. Theorem. Under the Jensen’s Axiom ♦ there exists a compact dense-in-itself hereditarily separable space without non-trivial
convergent sequences and weakly Japanese points.
Proof. We will introduce the necessary modiﬁcations in Kunen’s version of a Fedorchuk’s example of an inﬁnite compact
hereditarily separable space without non-trivial convergent sequences. Apply ♦ to ﬁx a family A = {Aα: α <ω1} of subsets
of ω1 such that Aα ⊂ α ×α for any α <ω1 and for any A ⊂ ω1 ×ω1 the set {α <ω1: A ∩ (α ×α) = Aα} is stationary. The
family A will be called the ♦-sequence; there is no loss of generality to consider that Aα = ∅ for any α ω.
For any ordinals α < ω1 and β < α the set Kαβ will denote the β-th column of Aα , i.e., {β} × Kαβ = Aα ∩ ({β} × α);
denote by ξαβ the characteristic function of K
α
β in the set α. Then Eα = {ξαβ : β < α} ⊂ Dα for any α < ω1. If β < α < ω1
then pαβ : D
α → Dβ is the projection map. For any ordinal α and a set Y ⊂ Dα we let Y ′ be the set of all limit points of Y .
If Z is a space and x ∈ Z then we say that a countably inﬁnite disjoint family A of non-empty subsets of Z converges to the
point x if
⋃A ⊂ Z\{x} and for any U ∈ τ (x, Z) we have the inclusion A ⊂ U for all but ﬁnitely many sets A ∈ A.
Given an ordinal α < ω1 let g(α) = 1 if Aα ∩ (ω × α) = ∅ and the set Eα is inﬁnite; in this case we will say that the
grade of α is 1. Say that an ordinal α is of grade 2, i.e., g(α) = 2 if α has the following properties:
(i) Aα ⊂ ω × α, the set Qα = {ξα2n+1: n ∈ ω} is faithfully indexed and dense-in-itself;
(ii) the set Kα2n+2 is ﬁnite for any n ∈ ω; if x = ξα2n+1 ∈ Qα then we will need the set Wα(x) = {y ∈ Qα: y|Kα2n+2 = x|Kα2n+2};
(iii) we have distinct points un ∈ Qα and vn ∈ Wα(un) for any n ∈ ω such that the family {{un, vn}: n ∈ ω} is disjoint and
converges to ξα0 .
If α is not of grade 1 or 2 then we say that its grade is zero, i.e., g(α) = 0. The following property is crucial for our
construction:
(∗) if X is a second countable space, x ∈ X and a family An of subsets of X converges to x for any n ∈ ω then there exists
a family A ⊂⋃n∈ω An which converges to x and A ∩ An is inﬁnite for any n ∈ ω.
We will construct inductively a set Xα ⊂ Dα for all α ∈ [ω,ω1); to start the induction, let Xω = Dω; observe that Eω is
a singleton and take a point zω ∈ Xω arbitrarily. We will also need the sets Uω = Xω and Vω = ∅.
Given an ordinal δ such that ω < δ < ω1 assume that we constructed the sets {Xα: ω  α < δ}, points {zα: ω  α < δ}
and a family {(Uα, Vα): ω α < δ} with the following properties:
(5) Xα is a dense-in-itself compact subspace of Dα and zα ∈ Xα for all α ∈ [ω,δ);
(6) if ω α < β < δ then pβα(Xβ) = Xα ;
(7) if α ∈ (ω, δ) is a limit ordinal then Xα =⋂{(pαβ )−1(Xβ): ω β < α};
(8) if g(α) = 1, ω  β < α < δ and pαβ (x) ∈ (Eβ)′ for some x ∈ Xα then there is a sequence {xn: n ∈ ω} ⊂ Eβ such that
{(pαβ )−1(xn): n ∈ ω} converges to x;
(9) if ω  β < α < δ while g(β) = 2 and a family {{un, vn}: n ∈ ω} witnesses this, then for any x ∈ Xα with pαβ (x) = ξβ0
there exist inﬁnite sets M,N ⊂ ω such that both families {(pαβ )−1(un): n ∈ M} and {(pαβ )−1(vn): n ∈ N} converge to x;
(10) the sets Uα and Vα are closed in Xα and Xα+1 = (Uα × {0}) ∪ (Vα × {1}) whenever ω α < α + 1< δ;
(11) Xα = Uα ∪ Vα and either Vα = ∅ or Uα ∩ Vα = {zα} for all α ∈ [ω,δ);
(12) if ω α < δ and g(α) = 1 then zα is a limit point of Eα ;
(13) if ω α < δ and zα is a limit point of Eα then the sets Uα ∩ Eα and Vα ∩ Eα are inﬁnite;
(14) if ω  α < δ, g(α) = 2 and a family {{un, vn}: n ∈ ω} witnesses this, then zα = ξα0 , the sets {n ∈ ω: un ∈ Uα} and{n ∈ ω: vn ∈ Vα} are inﬁnite and disjoint as well as the sets {n ∈ ω: vn ∈ Uα} and {n ∈ ω: un ∈ Vα}.
If δ = α + 1 for some ordinal α then let Xδ = (Uα × {0}) ∪ (Vα × {1}). The set Eδ need not be contained in Xδ ; if this is
the case then pick a point zδ ∈ Xδ arbitrarily.
Next assume that Eδ ⊂ Xδ and g(δ) = 1; in this case we can choose a limit point zδ ∈ Xδ for the set Eδ and pick a
sequence S ⊂ Eδ\{zδ} which converges to zδ . If S = {{x}: x ∈ S} then the family S also converges to zδ . If g(δ) = 2 then
let zδ = ξδ0 ; choose elements un ∈ Q δ and vn ∈ Wδ(un) for any n ∈ ω in such a way that the family S = {{un, vn}: n ∈ ω}
is disjoint and converges to zδ . The following construction will be carried out simultaneously for the cases when g(α) = 1
and g(α) = 2.
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of the respective preimages which converges to zδ . Apply the property (∗) to the collection C of all such families together
with S to obtain a disjoint family F of compact subsets of Zδ\{zδ} such that F ∩ A is inﬁnite for any A ∈ C.
Split A ∩ F into two disjoint inﬁnite families A0 and A1 for each A ∈ C. Separate the elements of F by disjoint open
compact subsets of Zδ and add a countably many open compact sets to obtain a disjoint cover V of the set Zδ\{zδ}.
Now it is easy to ﬁnd families V0,V1 ⊂ V such that V = V0 ∪ V1 and V0 ∩ V1 = ∅ while ⋃A0 ⊂⋃V0 and ⋃A1 ⊂⋃V1
for every A ∈ C. Let Uδ =⋃V0 and V δ =⋃V1.
If g(δ) = 0 or Eδ is not contained in Xδ then let Uδ = Xδ , V δ = ∅ and choose a point zδ ∈ Xδ arbitrarily; it is clear that
the properties (5)–(14) still hold if we replace δ with δ + 1.
If δ is a limit ordinal then we must let Xδ =⋂{(pδα)−1(Xα): α < δ}. It is standard that the properties (5)–(10) still hold
if we replace δ by δ + 1. Next, construct Uδ and V δ looking at the cases when Eδ ⊂ Xδ in the same way as for the case of
a successor δ. This will guarantee that the conditions (11)–(14) be satisﬁed.
Once we have the set Xα for every ordinal α ∈ [ω,ω1), it is evident that the set X =⋂{(pα)−1(Xα): α <ω1} is compact;
here pα : Dω1 → Dα is the projection. It is standard to prove, using compactness of the spaces Xα that pα(X) = Xα for all
α ∈ [ω,ω1). The deﬁnition of X shows that X is compact and property (5) implies that X is dense-in-itself.
Assume that x ∈ X and S ⊂ X\{x} is a sequence that converges to x; since S is inﬁnite, we can ﬁnd a faithful enumeration
{sβ : ω < β < ω +ω} for the set S . The diamond property shows that the set G = {α ∈ [ω,ω1): g(α) = 1 and Eα = pα(S)}
is stationary. Take any α ∈ G such that pα |S : S → pα(S) is a bijection; then α >ω and the property (12) implies that zα is
the unique limit point of pα(S), i.e., zα = pα(x).
The set pα+1(S) also has to be a convergent sequence; however, it follows from (10) and (13) that both (zα,0) and
(zα,1) are limit points for pα+1(S) which is a contradiction. Thus the space X has no convergent sequences.
To see that X is hereditarily separable take any set Y ⊂ X ; for proving that there is a dense countable subset in Y there
is no loss of generality to assume that |Y | = ω1. Choose an enumeration {yα: ω  α < ω1} of the set Y . Given a ﬁnite set
F ⊂ ω1 and s ∈ DF the set [s, F ] = {x ∈ Dω1 : x|F = s} is open in Dω1 ; since DF is ﬁnite, we can choose an ordinal ϕ(F ) < ω1
such that, for any s ∈ DF , if [s, F ] ∩ Y = ∅ then there exists α < ϕ(F ) such that yα ∈ [s, F ].
This gives a map ϕ : Fin(ω1) → ω1; by Lemma 1.2 of [11] there exists a closed unbounded set C ⊂ ω1 such that, for
every β ∈ C we have ϕ(F ) < β for any ﬁnite set F ⊂ β . The deﬁnition of the ♦-sequence guarantees that the set D =
{α: {yβ |α: ω β < α} = Eα} is stationary; pick an ordinal α ∈ C ∩ D .
Let Z = {yβ : β < α}; it follows from the choice of C that the set pα(Z) = Eα is dense in pα(Y ). Observe that the
ordinal α is of grade 1 so the property (8) implies that for any y ∈ Y and any W ∈ τ (y, Y ) there is a point e ∈ Eα such
that p−1α (e) ⊂ W . This, together with the equality pα(Z) = Eα , shows that Z is dense in Y and hence X is hereditarily
separable.
Finally assume that x is a weakly Japanese point of X and ﬁx the respective closure-preserving quasi-base B at the
point x. Let O y = X\(⋃{B ∈ B: y /∈ B}) for each y ∈ X\{x}. Choose a ﬁnite set F y ⊂ ω1 such that Hy = [y|F y, F y] ∩ X ⊂ O y
for any y ∈ X\{x}. The sets Hy have the following property:
(15) for any y ∈ X\{x}, if a set B ∈ B intersects Hy then y ∈ B .
Take a countable dense set Y = {yn: n ∈ ω} ⊂ X and note that the main property of the ♦-sequence implies that
there exists an ordinal α < ω1 such that pα |Y : Y → pα(Y ) is a bijection while pα(x) = ξα0 and we have the equalities
pα(yn) = ξα2n+1 and F yn = Kα2n+2 for any n ∈ ω.
Since ξα0 ∈ pα(Y ) = Q α , the ordinal α is of grade 2; this must be witnessed by a sequence {un: n ∈ ω} ⊂ Qα and a point
vn ∈ Wα(un) for every n ∈ ω.
The property (14) shows that zα = ξα0 = pα(x) and hence precisely once of the sets p−1α+1(Uα × {0}) and p−1α+1(Vα × {1})
contains a point x. The situation being symmetric, we can assume, without loss of generality, that x ∈ W = p−1α+1(Uα × {0});
choose a set B ∈ B such that B ⊂ W .
It can be easily deduced from the properties (9) and (14) that, for any set G ∈ τ (x, X) there exists n ∈ ω such that
vn ∈ Uα and p−1α (vn) ⊂ G . In particular, there exists n ∈ ω such that vn ∈ Uα and p−1α (vn) ⊂ B . Take a point w ∈ X with
pα(w) = vn; we have vn = ξα2k+1 for some k ∈ ω and hence F yk = Kα2k+2 which shows that vn|F yk = ξα2k+1|F yk = yk|F yk and
therefore w ∈ Hyk ∩ B . The property (14) implies that un /∈ Uα and hence un = pα(yk) /∈ pα(B). It turns out that yk /∈ B
while B ∩ Hyk = ∅; this contradiction with (15) shows that X is not weakly Japanese at x. 
4. Open questions
In this topic quite a few matters are inherited from the theory of stratiﬁable spaces and the M1 = M3 problem so it is
inevitable to have some relevant open questions. However, a broader context in looking at Japanese spaces brings in some
interesting new approaches as we can see below.
4.1. Question. Is there an example of a weakly Japanese space which is not Japanese? Can such a space be compact?
558 A. Dow et al. / Topology and its Applications 157 (2010) 548–5584.2. Question. Given a Japanese space X must every subspace of X be Japanese? Observe that if every weakly Japanese
space is Japanese (i.e., the answer to the previous question is negative) then this question has a positive answer.
4.3. Question. Suppose that Cp(X) is a Japanese space. Must X be countable? What happens if X is compact?
4.4. Question. Is it true in ZFC that βω\ω has a Japanese point?
4.5. Question. Is it true in ZFC that every P -point of βω\ω must be Japanese?
4.6. Question. Must every monotonically normal space X be Japanese? What happens if X is compact?
4.7. Question. Must every compact separable Japanese space be sequential in ZFC?
4.8. Question. Is it true in ZFC that every compact Japanese space has a convergent sequence?
4.9. Question. Is true in ZFC that every compact separable Japanese space is pseudoradial?
4.10. Question. Suppose that X is an extremely disconnected space without isolated points. Is it true that X cannot be
Japanese?
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